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PREFACE 


It is a matter of great pleasure and pride for me to introduce to you this 
book “Play with Graphs”. As a teacher, guiding the Engineering aspirants 
for over a decade now, | have always been in the lookout for right 
approach to understand various mathematical problems. | had always felt 
the need of a book that can develop and sharpen the ideas of the . 
students within a very short span of time. 


The book in your hands, aims to help you solve various mathematical 
problems by the use of graphs. Ways to draw different types of graphs are 
very easy and can be understood by even an average student. | feel glad 
to mention that the use of graphs in solving various mathematical 
problems has been well illustrated in this book. 


| would like to take this opportunity to thank 

M/s Arihant Prakashan for assigning this work to me. 

It is their inspiration that has encouraged me to bring this book in this 
present form. 


| would also like to thank Arihant DTP Unit for the nice laser typesetting. 


Valuable suggestions from the students and teachers are always 
welcome, and these will find due places in the ensuing editions. 


Amit M. Agarwal 
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= In this section, we shall revise some basic curves which are given as. 


zæ Polynomial 
z Rational 


= Algebraic |= oo 


Irrational 


= Piecewise | z 


=| Fractional part function |Ẹ To 


FUNCTIONS |= ==p Least integer function ag 
i E 
| oo 
z 3 a 
zæ Exponential | ean e 
Logarithmic/Inverse of exponential 4 BS GELS 
Transcendental eae TE i 2 
Geometrical curves ae 


Inverse trigonometric curves 


FILER SAD Le se SS ARE ee ee Cee a CS Se ee 


11 ALGEBRAIC FUNCTIONS 


1. Polynomial Function 
A function of the form: 
f (x) = dg + ax + ax? +... + a,x"; 


wherene N and gao, Gy, Go.---4n € R. 
Then, f is called a polynomial function. “f(x) is also called polynomial in x”. 


Some of basic polynomial functions are 
(i) Identity function/Graph of f(x) = x 

A function f defined by f(x) = x for all x@ R, Is called the 
identity function, 
~ Here, y = x clearly represents a straight line passing through 
J the origin and inclined at an angle of 45° with x-axls shown as: 
To The domain and range of identity functions are both 
z o equal to R. 
vo 
: RH (ii) Graph of f(x) = x? 
A function given by f(x) = x? is called the square function, 
The domain of square function is R and its range is R* U {0} 
or [0, œœ) 

Clearly y = x”, is a parabola. Since y =x” is an even 

- function, so its graph is symmetrical about y-axis, shown as: 


(WI 
A ii 


Wx, 
4y 


err. - 


(iii) Graph of f(x) = x? 

A function given by f(x) = x° is called the cube function. 

The LTN and range of zan are both equal to R. 

Since, y = x~ is an odd function, so its graph is symmetrical 
about Supone quadrant, i.c., “origin”, shown as: 


(iv) Graph of f(x) = x2”: ne N 
_IfneN, then function f given by f(x) = x” is an even function. 
So, its graph is always symmetrical about y-axis. | Fig. 1.3 
Also, x*>x*>x°>x8s_. forall xe (- 131) 
and x? < xt Ss <. Do OE - 1) U (1,0) 


Graphs of y = x*, y = x‘, y =x°,..., etc, are shown as: 


Fig. 1.4 


(v) Graph of f(x) = x2"; ne N 
If ne N, then the function f given by f(x) =x?" is an odd function.” So, its graph a 
symmetrical about origin or opposite quadrants. E 


Here, comparison of values of x, x?, x°,... 


for 

xe (1, œ) ES EK L 
xe (0,1) YS SX Su. 
xe (-1, 0) Neu LO E, 
x € (—%,-— 1) K OC ee Sn, 


Graphs of f(x) = x, f(x) = x°, f(x) = x°,...are shown as in 
Fig. 1.5 | 


2. Rational Expression 


Fig. 1.5 


A function obtained by.dividing a polynomial by another polynomial is called a rational function. 


JAGS 
7 f= 
Q (x) 
Domain € R — {x | Q(x) = 0} 
Le., domain €R except those points for which denominator = 0. 


Graphs of some Simple Rational Functions 
(i) Graph of f(x) = È 
x 


A function defined by f(x) = 2 is called the reciprocal 
X 


function or rectangular hyperbola, with coordinate axis as 


asymptotes. The domain and range of f(x) = a is R ~ {0}. 
x 


Since, f(x) is odd function, so its graph is symmetrical 
about opposite quadrants. Also, we observe 


limi OS seo = and lim ~ f(x)=—co . 
x — 0t x—> 07 


and asx to => f(x)>~ 0 


Thus, f(x) = 1 could be shown as in Fig. 1.6. 
x 
(ii) Graph of f(x) = ed 
4 


Here, f(x) = —; is an even function, so its graph is symmetrical about y-axis. 
x 


Domain of f(x) is R — {0} and range is (0, >). y 


Also,as y— œ as im. FOO “or lim f(x)": 
x — Ot x> 0 
and y—0 as im Gx); 
X 3 too 


Thus, f(x) = = could be shown as in Fig. 1.7. 
x 


sage 
(ili) Graph of f(x) = int neN 


1 i funetion, so ita graph ta 
Here, f(x) mont is an odd funetton, yr 


| symmetrical in opposite quadrants, 


La ce when lim f(x) and 
= Also, y > ros 

| yo>=-co when lim f(x), 

so x 0 


|: EA ale, 


i M TAS a, T 
Thus, the graph for f(x) = y) f(x) s : 


| 
p ou ae A CE ype ry ny h fe ie i bleh hain 
will be similar to the graph of f(x) ` w 


L asymptotes as coordinate axes, shown as in Vig, 1.8 


rake 
(iv) Graph of f(x) = yin ne N | 


aut) a oaia 


4 | dps 
1 f(x) = = an even 
We observe that the function f(x) = an is an ev 
function, so its graph is symmetrical about y-axis. 
Also, y= œas lim JOD or iim f(x) 
í x = Ot 0 


xX = 


Pe), 
X =} +00 X b os 
The values of y decrease as the values of x increase, 


ie l 
Thus, the graph of f(x) = -z > f(x) = 


and y>Oas lim f(x) or my 


‘your, Cte, WII be 


| A 1 l ry fie i | í 
similar as the graph of f(x) = ‘a Which has asymptotes as coordinate axis, Shown asin] ig, 1.9, 
K 


3. Irrational Function 


The algebraic function cont 


aining terms having 
irrational functions. 


non-integral rational powers of x are called 


Graphs of Some Simple Irrational F unctions 
(i) Graph of f(x) = x¥/2 


Here; f(x) = Vx is the portion of the parabola y’ = x, which 
lies above x-axis, 


Domain of f(x) e ROLO or [0, 


and range of f(x) Rt y {0} or [0, 
Thus, the graph of F(x) a 1/2 


œ) 
oo), 


is shown as: 


Note If f(x) =x" ang g(x) m yl/n 
each other, 
“ 10) = x" and g(x) = x 


» then f(x) and &(x) are Inverse of | 


Fig, 1.10 


"ig the mirror image about y= x, 


(ii) Graph of f(x) = x? 


As discussed above, if g(x) = x°. Then f(x) = x’ 
is image of g(x) about y = x. 


where domain f(x) e€ R. 
and range of f(x) € R. 


Thus, the graph of f(x) = x" is shown in Fig. 
ie thals 


(iii) Graph of f(x) =x"; ne N 


Here, f(x) = x” is defined for all x € [0, œ) and the values 
taken by f(x) are positive. 

So, domain and range of f(x) are'[0, ~). 

Here, the graph of f(x) = x’’*" is the mirror image of the 
graph of f(x) = x7" about the line y = x, when x e [0, ~). 

Ahus (x) — xo f(x) = x", ...are shown as; 


(iv) Graph of f(x) = x”2""', when ne N 

Here, f(x) = x’/*"" is defined for all xe R. So, 
domain of f(x) eR, and range of f(x)e R. Also the 
graph of f(x) = x” is the mirror image of the graph 
0b f(x) — x7" about the line y = x when xeR. 
Thus, f(x)=x'’°, f(x)=x'’°,..., are shown 


as; 
| Note We have discussed some of the simple curves | 
for Polynomial, Rational and Irrational is 
functions. Graphs of the some more difficult TRN 
rational functions will be discussed in FRG 
Re 
chapter 3. Such as; Pek S 


Fig. 1.13 


Pe e T Ea 
LEE A y Wee T S 


4. Piecewise Functions 


As discussed piecewise functions are: 

(a) Absolute value function (or modulus function), (b) Signum function. 

(c) Greatest integer function. (d) Fractional part function. 
(e) Least integer function. 


(a) Absolute value function (or modulus function) 
E X- x = O 


-x, XO 


“It is the numerical value of x”, 
ay, 3 : 
It is symmetric about y-axis” where domaine R 


=. and range e [0, oo), 
| Properties of modulus functions 


(Gi) |x|<as-a<x<aq (a210) 
DA Gi) |x|2a > x<S=a or Xx2a; (a> 0) Fig. 1.14 
(iii) |x + y}<|x|+]y| 

J iv) [xt y| > |Ix1-IyI| 

= (b) Signum function; y = Sgn(x) ae 
4 It is defined by; 


| x| = +1, if x>0 
y = Sgn(x) = isa Pll: Ga AE x 0) 5 
0; LOO e 52 = 0) 

Here, Domain of f(x) € R. rt 
and Range of f(x) € {—1, 0, 1}. Fig. 1.15 
(c) Greatest integer function Men 

[x] indicates the integral part of x which is nearest and smaller KEN 
integer to x. It is also known as floor of x. | 


Saas 2-3) — 2. 023] 0, (2||= 2 80725: -9 F 
In general; i 


a= 2-—n + i(n e Integer) > [x] =n. 
Here, f(x) = [x] could be expressed graphically as; 


Thus, f(x) = [x] could be shown as; 
Properties of greatest integer function 


(i) [x] = x holds, if x is integer. 
(ii) [x + I] =[x] + I, if I is integer. 
(iii) [x + y] > [x] + [y]. 
(iv) If[o (x)] 2 I, then 9 (x) 2 I. 
(v) If[o (x)]< Z, then o (x)<I +1. 
wi) [-x] = - [x] if x € integer. 
(vid [-x] = - [x] - 1, if xginteger. 
“It is also known as stepwise function/floor of x.” 


(d) Fractional part of function 
Here, {.} denotes the fractional part of x. Thus, in y = {x}. 


x =[x] + {x} =1 + f ; whereI =[x] and f= 
y = {x} = x — [x], where 0 < {x} < 1; shown as: 


; y 
1sx<2 


Properties of fractional part of x 
Gea —peceent —OS x< 1 
Gi) {x} =0 ; if xe integer. 
(iii) {-x} =1-— {x}; if xe integer. 


ee Laie 


(e) Least integer function 


(x) or [x] indicates the integral part of x which is nearest and greatest integer to x. 


y= kJ Tan 
oo 


It is known as ceiling of x. 


Thus, | 2.3023] =s OZS OA — — 16, ETNON E O Ba); Beta SS wid 
In general, n<x<n+1 (me integer)) foes Ba 
i. €., [ x] or (xy)=n+1 ae eee 

shown as; 4 


Here, f(x) = (x) = | x], can be expressed graphically as: 


x-axis -j 


Properties of least integer function Fig. 1.20 
(i) (x) =[x] = x, if x is integer. 
GD (x +1) =[x+I]=(x)4+1 ; if J e integer. 
(iii) Greatest integer converts x = I + f to [x] = Z while [ x] converts to (I +1). 


Note We shall discuss the curves:. 
—y={sin x}, y= {}, y = {sin} (sin x} y =[sin x], etc. in chapter 


2. , (Curvature and . 
Transformations). 


